Abstract. In this paper, we define Homomorphism and Cartesian product of PMSalgebras and discussed some of its properties in detail by using the concepts of fuzzy PMS-ideal and fuzzy PMS-sub algebra.
Introduction
The concept of fuzzy set was initiated by Zadeh in 1965 [15] . Fuzzy algebra is an important branch of fuzzy mathematics from the inception of fuzzy concepts. In this path, Iseki and Tanaka [1] introduced the concept of BCK-algebras in 1978. Iseki [2] introduced the concept of BCI-algebras in 1980. It is known that the class of BCKalgebras is a proper subclass of the class of BCI-algebras. Selvam and Nagalakshmi [4] introduced the class of PMS-algebras, which is a generalization of BCI/ BCK/TM/KUSalgebras. In this paper, we introduce the concept of homomorphism and Cartesian product of fuzzy PMS-algebras and established some of its properties in detail.
Preliminaries
In this section, we give the fundamental definitions that will be used in the development of this paper.
Definition 2.1. [2]
A BCK-algebra is an algebra (X,*,0) of type(2,0) satisfying the following conditions: i) (x * y) * (x * z) ≤ (z * y) ii) x * (x * y) ≤ y iii) x ≤ x iv) x ≤ y and y ≤ x ⇒ x=y v) 0 ≤ x ⇒ x=0, where x ≤ y is defined by x * y = 0 ,for all x, y, z ∈ X.
f is a fuzzy PMS-ideal of X.
Theorem 3.5. Let f: X → Y be an epimorphism of PMS-algebra. If µ f is a fuzzy PMSideal of X, then µ is a fuzzy PMS-ideal of Y. Proof: Let µ f be a fuzzy PMS-ideal of X and let y ∈ Y. Then there exists x ∈ X such that f(x) = y. Now, 
Theorem 3.7. If µ is a fuzzy PMS-sub algebra of X, then µ f is also a fuzzy PMS-sub algebra of X. Proof: Let µ be a fuzzy PMS-sub algebra of X. Let x,y ∈ X.
f is a fuzzy PMS-sub algebra of X.
Theorem 3.8. Let f: X→Y be a homomorphism of a PMS-algebra X into a PMS-algebra Y, then the pre-image of µ denoted by f
(µ) is a fuzzy PMS-sub algebra of X. Proof: Let µ be a fuzzy PMS-sub algebra of Y. Let x , y ∈ X.
(µ) is a fuzzy PMS-sub algebra of X.
Cartesian product of fuzzy PMS-ideals of PMS-algebras
In this section, we discuss the Cartesian product of PMS-algebras and establish some of its properties in detail on the basis of fuzzy PMS-ideal and fuzzy PMS-sub algebra. 
Definition 4.2.[3]
Let β be a fuzzy subset of X. The strongest fuzzy β -relation on PMSalgebra X is the fuzzy subset µ β of X x X given by µ β (x, y) = min {β(x), β(y)}, for all x, y ∈ X. Theorem 4.3. If µ and δ are fuzzy PMS-ideals in a PMS-algebra X, then µ x δ is a fuzzy PMS-ideal in X x X. Proof:
= min {µ(y 1 * x 1 ) , δ(y 2 * x 2 )} ≥ min {min {µ(z 1 * y 1 ) , µ( z 1 * x 1 )} , min {δ(z 2 * y 2), δ( z 2 * x 2 )}} = min {min {µ(z 1 *y 1 ) , δ(z 2 *y 2 )},min{ µ(z 1 *x 1 ) δ(z 2 * x 2 )}} = min {(µ x δ) ((z 1 * y 1 ),(z 2 * y 2 )),(µ x δ) (( z 1 * x 1 ),( z 2 * x 2 ) )} = min {(µ x δ) ((z 1 , z 2 ) * (y 1, y 2 )), (µ x δ) ((z 1 , z 2 ) * (x 1, x 2 ))} ∴ (µ x δ) [(y 1, y 2 ) *(x 1 , x 2 )] ≥ min {(µ x δ) [(z 1 , z 2 ) * (y 1, y 2 )], (µ x δ) [(z 1 , z 2 ) * (x 1, x 2 )]} Hence, µ x δ is a fuzzy PMS-ideal in X x X. Theorem 4.4. Let µ and δ be fuzzy sets in a PMS-algebra X such that µ x δ is a fuzzy PMS-ideal of X x X. Then
Proof: Let µ x δ be a fuzzy PMS-ideal of X x X. (i)Suppose that µ(0) < µ(x) and δ(0) < δ(x) for some x, y ∈ X. Then (µ x δ) (x ,y) = min{ µ(x) , δ(y) } > min { µ(0) , δ (0) } = (µ x δ) (0, 0), which is a contradiction. Therefore, µ(0) ≥ µ(x) (or) δ(0) ≥ δ(x) for all x∈ X.
(ii) Assume that there exists x, y ∈ X such that δ(0) < µ(x) and δ(0) < δ(x). Then (µ x δ) (0,0) = min { µ(0), δ(0) } = δ(0) and hence (µ x δ) (x, y) = min {µ(x),δ(y)} > δ(0) = (µ x δ) (0,0) Which is a contradiction. Hence, if µ(0) ≥ µ(x) for all x ∈ X, then either δ (0) ≥ µ(x) (or) δ(0) ≥ δ(x). Similarly, we can prove that if δ(0) ≥ δ(x) for all x∈ X, then either µ(0) ≥ µ(x) (or) µ(0) ≥ δ(x), which yields (iii).
Theorem 4.5. Let µ and δ be fuzzy sets in a PMS-algebra X such that µ x δ is a fuzzy PMS-ideal of X x X. Then either µ or δ is a fuzzy PMS-ideal of X. Proof: First we prove that δ is a fuzzy PMS-ideal of X. Since 
Hence µ is a fuzzy PMS-ideal of X. Theorem 4.6. If µ and δ are fuzzy PMS-sub algebras of a PMS-algebra X, then µ x δ is also a fuzzy PMS-sub algebra of X x X. Proof: For any x 1, x 2 , y 1 , y 2 ∈ X. (µ x δ) ((x 1, y 1 ) * ( x 2 ,y 2 ))= (µ x δ) (x 1 * x 2 , y 1 * y 2 ) = min { µ(x 1 * x 2 ),δ(y 1 * y 2 ) } ≥ min { min {µ (x 1 ), µ (x 2 )},min{δ( y 1 ) , δ( y 2 )}} = min {min {µ(x 1 ),δ(y 1 )}, min {µ(x 2 ) , δ(y 2 )} } = min {(µ x δ) ( x 1, y 1 ) , (µ x δ) ( x 2 , y 2 )} ⇒(µ x δ)((x 1, y 1 ) * (x 2 ,y 2 )) ≥ min {(µ x δ) ( x 1, y 1 ), (µ x δ) ( x 2 , y 2 ) } This completes the proof. Theorem 4.7. Let µ β be the strongest fuzzy β-relation on PMS-algebra X, where β is a fuzzy set of a PMS -algebra X. If β is a fuzzy PMS-ideal of X, then µ β is a fuzzy PMSideal of X x X. Proof: Let β be a fuzzy PMS-ideal of a PMS-algebra X. Let (x 1, x 2 ), (y 1 , y 2 ), (z 1 , z 2 ) ∈ X x X. Then , β (z 2 * y 2 )}, min {β(z 1 * x 1 ), β(z 2 * x 2 )}} = min {min {β(z 1 * y 1 ) , β(z 1 * x 1 )} , min {β(z 2 * y 2), β(z 2 * x 2 )}} Put x 2 = y 2 = z 2 = 0 , We get β (y 1 * x 1 ) ≥ min {β(z 1 * y 1 ) , β(z 1 * x 1 )} Hence, β is a fuzzy PMS-ideal of a PMS-algebra X. Theorem 4.9. If β is a fuzzy PMS-sub algebra of a PMS-algebra X, then µ β is a fuzzy PMS-sub algebra of X x X. Proof: Let β be a fuzzy PMS-sub algebra of a PMS-algebra X. Let x 1, x 2 , y 1 , y 2 ∈ X. Then µ β ((x 1, y 1 ) * (x 2 , y 2 )) = µ β (x 1 * x 2 , y 1 * y 2 )
= min {β (x 1 * x 2 ), β(y 1 * y 2 )} ≥ min { min { β (x 1 ), β (x 2 ) }, min { β(y 1 ) , β(y 2 ) } } = min { min { β(x 1 ) , β(y 1 ) } , min { β(x 2 ) , β( y 2 ) } } = min {µ β (x 1, y 1 ), µ β (x 2 , y 2 )} ⇒ µ β (( x 1, y 1 ) * ( x 2 , y 2 )) ≥ min { µ β (x 1, y 1 ), µ β ( x 2 , y 2 ) }. Therefore µ β is a fuzzy PMS-sub algebra of X x X. Theorem 4.10. If µ β is a fuzzy PMS-sub algebra of X x X, then β is a fuzzy PMS-sub algebra of a PMS -algebra X. Proof: Let x, y ∈ X. Now, β ( x * y ) = min { β(x * y) , β(x * y) } = µ β ((x * y) * (x * y)) ≥ min { µ β (x * y) , µ β (x * y) } = min {min {β(x), β(y)}, min {β(x), β(y)}} = min {β(x), β(y)} ⇒ ⇒ ⇒ ⇒ β ( x * y ) ≥ min {β(x) , β(y) } ∴ β is a fuzzy PMS -sub algebra of a PMS -algebra X.
Conclusion
In this article, we have been discussed homomorphism and Cartesian product on PMSalgebras. It adds another dimension to the defined PMS-algebras. This concept can further be generalized to Intuitionistic fuzzy set, interval valued fuzzy sets for new results in our future work.
